The combined energy storage and attitude control system (CEACS) combines both energy storage and attitude control modules via the flywheel technology. Previously only the conventional control methods were tested for CEACS. In this paper, H2 and H-infinity control methods are implemented in CEACS. The satellite attitude control performances show that both control options can be employed for a good attitude pointing accuracy. (Abstract) Nomenclature sat θ , ref θ Reference and true satellite attitudes D
Introduction
Satellite technology has become one of the most important technologies over the years. In view of such a development, there have been numbers of work done to further optimize the performance of satellite. Renuganth [1] , Roithmayr [2] , and Tsiotras, Shen, and Hall [3] have proposed a new hybrid system where the energy storage system has been combined with an attitude control system via the flywheel technology. The system is called as Combined Energy Storage and Attitude Control System (CEACS). In previous papers, the performance of CEACS using conventional controllers has been tested and most works demonstrated attitude accuracy below 0.2° [4] . However, the performance of CEACS system under optimal control is yet to be discussed and reviewed. Thus, this has drawn the interest to further study the attitude pointing performance of CEACS system using the optimal control. In this paper, mathematical models and numerical treatments employing two optimal control methods namely H 2 control and H-infinity control will be presented.
CEACS Architechture
Single axis CEACS system consists of a double counter rotating composite flywheel mounted along the same rotation axis. Simple illustration of the system together with its control model is shown in Figs. 1 and 2.
In operation, the power generated from the solar panels will be stored as kinetic energy in the flywheel. In order to induce the required torque for attitude corrections, both wheels will be rotated in a different speeds resulting in a momentum bias in the system. In Fig. 2 , the transfer function for the double counter rotating flywheel is given in (1) where the transfer function for satellite dynamic in pitch axis is defined in (2) . 
Lower Fractional transformation (LFT) for CEACS Model
The control model shown in Fig. 2 will be re-configured using the LFT method to control block as in Fig. 3 . Subsequently, the plant matrix function in the state space can be obtained.
The system mathematical model P for Fig.3 is defined as
A in (3) is representing the transfer function of flywheel system as in (1) where B represent satellite dynamic equation as in (2) .
H 2 Controller
This controller is a solution for optimal control problems where the system dynamics is described by a set of linear differential equations and the cost is a quadratic cost function [5] . According to Burl [5] , the minimization of cost function will lead to a linear, time-invariant controller that stabilizes the close-loop system and minimizes the system 2-norm. 
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The mathematic model for H 2 control in Fig. 4 is defined as below:
A, B u and C y are plant matrix functions obtained by performing state-space transformation to (3) .
x is the state variable matrix, x is the differential state variable matrix and y is the system output.
As the control system in CEACS is designed to operate for a long period with respective to its transient time, thus the optimal steady-state gain will be used [5] . The optimal control can be found via (6) when the optimal steady-state gain, K is obtained through (7) . P matrix defines in (7) is the solution for Riccati equation in (8).
Besides using (7), the K can also be computed using µ synthesis command, h2syn in Matlab [6] . The steady state cost function for H 2 is given in (9) where
Q and R is the weighting matrix defines by the value of W 1 and W 2 , and J is the cost function. The optimum control is obtained when the minimum cost is achieved through arbitrary combination of W 1 and W 2 .
H infinity Control
In H-infinity control, the system ∞-norm is used as a cost function to optimize a control problem. The system ∞-norm is also regarded as the worst case gain of the system. Thus by minimizing the close-loop ∞-norm, the performance and robustness of the system can both be maximized [5] .
In general, the mathematic representation of H-infinity control is shown in (10) and (11). For this model, u is the controller input, w is the external disturbance, y is the measured output to controller and Z is the performance output. The value for matrix A, B u , B w and C y can be obtained after performing the state space transformation for (3) . Figure 5 shows a simple illustration of Hinfinity control block.
The quadratic objective function is given in (12) where γ is the performance bound on the closed-loop ∞-norm.
The controller that satisfied this bound is called a suboptimal solution to H-infinity control [5] . Further development on the theorem by Gadewadikar and Lewis [7] , had led to a set of algorithm which can be used to obtain the most optimum gain, K with the selected weighting function. For steady state H-infinity optimal control, the suboptimal controller can be found from equations below:
By substituting L 0 =0, P is obtained through (13). The value P is then used in (14) and (15) to obtained K and L 1 . The process is continued until a steady state gain is obtained. Alternatively, µ synthesis command hinfsyn in Matlab can also be used to generate the optimal control gain for Hinfinity control [6] . Various combinations of W 1 and W 2 will then be tested for the most optimal Hinfinity control performance.
Results and Discussions

Reference Mission
A typical satellite mission was selected together with its characteristic to be simulated using both H 2 and an H-infinity method is shown in Table I .
In this simulation, the value of satellite inertial in row and yaw axis is very close z x I I ≈
Simulation Results
The performance of CEACS system under H 2 and H-infinity control has been tested using Matlab and Simulink. Systematic testing on every combination of the weighting function W 1 and W 2 were done to seek for the lowest cost function for both controls. Worst case scenarios were also being simulated to compare the optimal cases. The relation between W 1 and W 2 with Q and R is shown in (16) and (17).
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The weighting function and its cost for both optimal and worst cases for H 2 and H-infinity controls are presented in Table II . It was found that H 2 control has the lowest cost compared to Hinfinity control. Fig. 1 shows that for optimal H 2 control, the pitch error is kept within 0.0054° and 0.0005°. As for the worst case in H 2 control, the pitch error is kept within 0.018° and 0.002° as shown in Fig. 2. Figure 3 demonstrates the optimal case for H-infinity Control where the highest pitch error value is approximately 0.0082° and the lowest pitch error is 0.0008°. In Fig. 4 , the worst case for H infinity control is having a maximum pitch error of 0.011° and a minimum of 0.001°. 
Discussions
From the above results, all four cases tested satisfied the mission requirements, i.e., an attitude accuracy of less than 0.2°. Comparison between both controllers shows that the H 2 controller is better in terms of performances where it can keep the attitude accuracy lesser than 0.0054°. However, the H-infinity controller can maintain a far better accuracy when it comes to the worst case scenario. This indicates that by using H-infinity control, the CEACS are more robust in an uncertain environment.
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Conclusion
Two optimal control methods have been tested on CEACS. A reference mission has been selected and all the relevant governing equations were established. By redefining the plant matrix using LFT and µ synthesis methods, the attitude performances of CEACS system were numerically tested. The results show that both controllers are able to control the satellite attitude far better than the required accuracy of 0.2°. This work provides a better attitude control solution for CEACS compared to all the previous related works.
